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336 BOOTH AND I TEKER

sequences. A PQ-tree represents a class of permissible permutations, As the clements
of each new subset .S are constrained to appear together the mumber of permissible
permutations is reduced. The corresponding PQ-trec operation is calied reduction

with respect to the set S. An efficient algorithm for computing the reduction of a
ize of the

PQ-tree is presented. Its time complexity is shown to be lincar in the
input. The reduction algorithm s used to build lincar algorithms for testing the
consecutive ones property in matrices, for recognizing interval graphs, and for testing
a graph for planarity.

Before defining the data structure it is worth explaining just what it is that these
three problems have in common. The answer is that in each case the situation arises

in which there is a set L7 of objects (the rows of a matrix, the dominant clignes ot

'
hlem

tha o
the pr tH

a graph, or the edges of a graph) and it is required, for reasons specific to
that only certain permutations of these objects be permitted. Exactly which permuta-
tions are legal is determined by restrictions that are also dependent upon the specific
problem, but for the problems considered here the restrictions always take the form
“given the legal permutations obtained so far, permit only those permutations in
which the objects of the set S (some subset of U) oceur consecutively.” That is to say,
disallow a permutation in which two objects belonging to S arce separated by an
object not belonging to 5.

As an example of such restrictions, suppose that an information retrieval svstemn is
being built. The following model considered by Ghosh {10} is a useful abstraction A
data base consists of a set U of records on a disk. "T'he retrieval system answers certain

hese records. A guery can be thought

ored
! query

queries concerning information stored J
of as a subset SC I/, where S consists precisely of those records which are nceded

to answer the query. Suppose that the records are arranged on the disk so that cach
query S has its set of records stored in consecutive locations. Any query can be
answered with only a single positioning move and transmission time directlv propor-
tional to the amount of data actually required for the guery. Within this model

cansecutive storage arrangements are optimal and algorithms for finding the arrange-

ments are of practical interest.

The retrieval example can be illustrated with the following simple data basc having
three records. Fet the set of records be 7 = {1, B, ('}, If the only queries arc 1.
{BY, and {C} then any of the six possible permutations of the records is acceptable.
Suppose that the system must also handle the query {4, Bl. Now, because records
A and B must always be consecutive, there are only four permissible permutations:
ABC, BAC, CAB, and CRA. Adding another query (B, (7} reduces the number
of possible storage arrangements even further. Only ABC and CB.1 are permissible
Se far, so good. But if the systemy must also accomndate the query {1, O}

!

| __:_5

atisfies

is lost! There is no permutation of the three reenrds which simultaneousls
all of the constraints; either .1 and I3 are not consecutive, B and (" are not conscc

or else .4 and (" are not consecutive.

PO-1rEE ALGORITHMS 337

trieval system

easy to analyze. As the number of records

This partict - §
becomes large and the number of queries becomes even larger, there 1s at least the

possibility that determining whether a legal permutation ¢ dsts might prove to be a
of course, is that this is not

appeared in the literature [8].
The improvement is due

hopelessly complex combinatorial task. The answer,
the case. A polynomial-timne algorithm has already
The algorithm presented here achicves a linear running im
to the data structure. P’Q-trees are devised to handle precisely the problem stated
above, and to handle it efficiently.

An informal statement of the general problem is as follows. An algorithm must be
devised which accepts as input a set of objects U and a family of subscts of those
objects. The family is denoted by §. The algorithm must decide whether there
exists any permutation = such that the objects of each subsel S €S occur within 7
quence. Ideally the algorithm should also determine all permuta-
al solution, written in Pidgin Algol similar

as a consecutive subse
tions which satisfy these criteria. A gener
to the style suggested in [1], is called reduction because it reduces the possible class

of permutations to only those which satisfy the constraints.

Boolean procedure REDUCTION(U, S);
begin
[T:={n|misa permutation on Uy
for each S€ S do
IT:— ITr {m | all objects of & are consecutive within 7
return Il # @
end

N

The algorithm is casy to implement if cach set is specified by a list of its objects.
7 the current set of legal permutations

The only hard part is the inner loop. Giv

those which do not satisfy the new constraint must be thrown away. ‘This in fact

is where all of the real work occurs. The next two sections develop machinery used
to perform the inner loop efficiently.

T'he key to the algorithm’s success is the introduction of an appropriate data
structure for represeating the entire class 71 using only a modest amount of storage
s the inner loop. One data

while still maintaining enough information to proce
structure which works is a PQ-tree. A similar idea appears in [20] as part of a planarity
tion uses formulas instead of trees and does not achieve

algorithm, but the representa
are defined in Section 2 and an efficient algorithm

a linear running time. PQ-tre
for manipulating them is given in Sectinn 3

The first problem to which PQ-trees are applied 1s
181, which is discussed in Section 4. A ﬁo:::g::: of the rows of
. of the ones within each column into consecutive

s property
s ¥
a

for matrices

matrix is desired which plac
form. This is a straightforward application of the basic reduction algorithm. Using
an O(m 1 n 4 f) complexity bound ts proven

time bound for reduc

the lin
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denoted by
) POree for the set

Reading the leaves of a tee T from left 1o right
FRONTIER(T). "The example which follows in Fig. 3 is a (pre
U =|4,B,C D EF G NI |, K} The t
ABCDEFGHI K

The frontier of a tree

fromtier i the  permutation

obvi

i permutation of set 11 The problem at
11 In order tor PO-tr

rmutatu

hand involves an entire class o to help they

mist b

g

t the order which the

ch ahe

The definition of a PO-tree does nox

children of a node should appear, Because the hasic proble walves grouping all of

the elements belonging to a particular set 5 it seems natural that internal nodes

s nataral, in the absence of any other informa-

t descendants. It

Broup th

freedom to reorder

cified. }

i to leave the order within the group uns

children means that w particular tree can frequently be redrawn by thanging the
left-to

rearrange can be formalizged in the following manner

wht order of some ol the children of some of the nodes, This freedom to

Two trees are egurvalent Aff one can be transformed into the other by applying zero

or more equitialence trangformations. Each transformation specifies 2 legal reordering

af the nodes within a tee, Tt re anly two 1y of e alence transformations:

B ———— A

e tree of |

P UREE ALGORITHRMS 341

T'he equivalence of two trees is written 7' . For the example in I'ig. 3 there
are 768 different trees in the equivalence class. One more of these trees is shown in
Fig. 4. The new tiee’s frontier is BUHGTKEFDC A,

s has a different frontier. Conveniently an

Every tree in an equivalence ¢
equivalence class of PQO-trees has exactly the frontiers which correspond to a class IT
of permutations defined by rules of the form “kecp all the elements consccutive for
each set S8
A tree built only of leaves and P-nodes cannot represent the class IT = {ABC, CBA}

which occurs in the information retrieval example of Section 1. There are only three
possible trees to check. None of these have the desired rearrangements. The necessity
for both P-nodes and ()-nodes is thus obvious. The sufficiency of only two types,
which may not be so obvious, is dealt with at the end of this section.

It is convenient to have a name for all of the frontiers which can be obtained by
equivalence transformations on a tree. 'T'he set of consistent permutations for a tree
is denoted by

CONSISTENT(T) = {FRONTIER(T") | T" == T}.

One special tree is singled out and given a name. It is the universal tree which

has a single P-node for 1ts root and a leaf for every element of /. The universal
trec has every possible permutation in its consistent set. A second definition is also
useful. The null tree, which has no nodes at all and hence is not even a PQ-tree
according to the rules, is admitted to the club anyway. By convention the null tree
has no frontier and its set of consistent permutations is empty. Both trees are shown
in Fig. 5 below. All other PQ-trees fall somewhere between these two extremes.
tt is shown in [3] that the classes of consistent permutations form a lattice whose
smallest element corresponds to the null tree and whose largest element corresponds

to the universal tree,

Universal tree Null tree

5. 'The universal tree and the null tree.

t characters. 'They are the set U7 = {ay , a,,

€
fes, some rule

el ternal nog u

v
3 R vpes ¢ : )
gs together, and two special trees which arc given names - the universal

p

tree and the null tice. 1

were are a number of consequences for these definttions
which are worth exploring.
The complete freedom with which the children of a P-node ate permuted means

that there is no implied left-to-right order among them. 'The children of a Q-node are
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344 BOOTH AND LUFKER

Jabeled as full are drawn with shading (those on the right side). Only t
labels matter. The children’s tvpes (leaf, P-node, or -node) do ::m matter during
»nﬂ_w_u:r:,ﬁn_::m. All children are drawn as triangles regardless of their type.
A_.w:_tr:mm consist of two pieces. The first (top) piece is the pattern. The node
rn_:.m matched and its children must be equivalent to the pattern. If so the template
applies and the second (bottom) picce specifies the replacement to make within the
tree. For both of the templates in Fig. 7 the replacement is exactly the same as the

pattern. Other templates are nat so simple.

Pallirn g Polforn
A0 / £

%Q&agiai .ﬂv&\&ﬁe mant

£ £

Fic. 7. Fasy cases for P-nodes—Template PO (left) and Template P1 (right).

,.:5. nontrivial cases occur when the children of a P-node have different labe
The situation immediately becomes more complicated. The full children have to
be grouped together in order to ensure that all of the pertinent leaves (elenents
of S) are consecutive. The template in Fig. 8 accomplishes this task when the P-node _w

i - all of the full children

the root of the pertinent subtree. 1t is sufficient to simpl
under a new P-node which then is made a child of ROOT(T, S). The root is left
unlabeled because the template-matching is finished. The algorithm does not ,_E:o
the parent of a matched node if all of the pertinent leaves have been mnn:::?m_ for

This is by definition true for ROOT(T, S).

Patters .

e e

is a P-node.

8. Template P2 for ROOT(T, S) when i

345

P()-TREE ALGORITIIMS

A match for Template P2 exists if some equivalence t ansformation can be applied
to ROOT(T, S) which will order the children of ROOT(T, S) in the same way a3
The transformation is applied to ROOT(T, S) and then

¢ used to match

the children in the pattern.
o T. A single template can thus b

the replacement is substituted int
many different patterns.

Before the template of Fig. 8 1s ap
to rearrange in any order whatsoever.
Empty children and full children may no longer intermingle.
should be obvious. If the final tree is to have all of the pertinent leaves consecutive
along the frontier, no node having nonpertinent descendants can come between
two nodes having pertinent descendants. Respecting this inevitability, the arrangement
Empty children are completely free to rearrange
e likewise free. Morcover, the full children

plied all of the children of the P-node are free
After the replacement this is not the case.
The reason for this

shown retains the most flexibility.

among themselves and the
This cannot hurt, since all of the

may appear anywhere within the empty children.
pertinent leaves have been accounted for.
Most P-nodes are not the root of the pertinent subtree. After all, there is only

one root. The normal case requires a little more care. if a P-node has some children
which are labeled empty and some children which are labeled full then the P-node
rmust be designated singly partial. ‘This is a new label, different from either empty
or full, which can only appear on an internal node. The template for this case is
shown in Fig. 9. Partial nodes are partially shaded, with the shading indicating which

children are full.

N 5/
]

‘ pzs

\‘A, 4 /\%ﬂ/\\\y

_node which is not ROOT(T, S).

S%?CSS&

Template P3 fora singly partial r

As befare, a match exists if there 18 S0ME an:?m_m:mn transformation which causes
the node heing matched and its children to look like the pattern Unlike Template P2,
¢ Template P3 does not allow the full children of the P-node
children. Since the P-node being matched
rtinent leaf which

the replacement fo
to m—m;x\:»:x w:mn D:v,/’.rﬂ_xm. /?:r.—: ~rn »u:—jﬁ‘(.
is known not to be ROOT(T, S) there must be at least one other pe
“I'his leaf will eventually have to become consecutive

is not a descendant of the P-node.
This implies that all of the full children

with those leaves which are descendants.
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All other P-nodes not matching one of the templates just described are considered
illegal. 'T'he ternplate-matching process halts unsuccessfully and the tree is irreducible.
These illegal cases correspond to P-nodes with more than two partial children.
It is easy to see that no matter in what order three partial nodes occur, pertinent
leaves which are descendants of the left and right nodes will be separated by

nonpertinent leaves which are descendants of the middle node. This violates one

of the constraints imposed by the sets, hence it is ruled illegal.

(-nodes also have a number of different templates. The cases when all of the

children are fabeled identically are taken care of by Template Q0 and Template Q1,

which are analogous to Template PO and Template PI. There is no change to the

O-node except for the new label it receives. As with P-nodes the interesting situation

is when some of the children bave different labels. There are only two major cases
t

. [ Toe o
wincn ieinain, out cacn h

illustrated.

A Q-node is singly partial if it has at most one singly partial child and if the
left-to-right order of the children is that shown in Fig. 14. The rule which says
that a template applies if any equivalence transformation of the node and its children
matches the pattern allows only that the children of either Q-node may be reversed.

Pallorn:

r‘HanE \,n.bpvk\\» M\ LI

NI L

4. Template Q2 for a singly pattial O-node.

Some or all of the empty, full, or partial children may be missing from the pattern.
T'he only impaortant requirement is that not all of the children are labeled identically
(so T'emplates Q0 and Q1 do not apply). As before, children missing from the pattern

are deleted from the replacement

may be gly partial (altl

1igh there might not be any partial childien at all) but
the left to right order must be exactly that shown in Fig. 15, except for a possible
reversal. Note that hoth endmost children must either be empty or partial; otherwise

Template 02 would apply.

PQ-TREE ALGORITHMS 349

Pallern
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Fie. 15, Template O3 for a doubly partial Q-node.

the last of the legal templates for Q-nodes. Any other pattern is illegal

and results in a failure of the template-matching process. Using all of the templates
specificd above, each node within the tree is matched until the root of the pertinent
subtree is found. Fach node matches at most a single template. As long as legal
templates are found the process continues. The matching stops Ero:.:c more
rearrangements are necessary; all of the pertinent leaves will be consecutive within
the frontier.

As an illustration ol the reduction algorithm consider the tree in Fig 3. The set
0 1, ], K}. 'The tree in Fig. 4 is equivalent to the

used to reduce the tree is S =
trec in Fig. 3 and has all of the elements of S as a consecutive subsequence .w_::m
its frontier. The algorithm should succeed. It does, and REDUCE(T, S) is the
tree shown in Fig. 16. 'F'he two (-nodes in the original trec have been merged into
a single Q-node and one of the P-nodes has also been absorbed into the (J-node.

‘ N
QR
H G J K

16. A reduced PQ)-tree.

Notice that the set .S occ as a consecutive subsequence within the frontier of
REDUCE(T, S). Even better. it is consecutive within the fronticr of every tree in
the equivalence class of REDUCE(T, S). This is no accident. PPQ-trees are designed
eduction of a tree can he characterized in terms of

let T(U, S) be the PQ-tree shown

to have this property. The S-

)

consistent permutations. Given any subset 5 C
in g 17.
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352 BOOTH AND LUEKER

ment stems from the fact that the appropriate template for a node can only be sclected
after knowing the reduced forms of the node’s children. The ::w?:%:,i?.: discussed
here scans the trec twice, both times beginning with the leaves and working toward
the root. If that were all there were to the story, the algorithm would be quite easy.

But life is not so simple. Sectinn 2 assumes that the entire tree is processed. Each
node is classified as empty, full, or partial and then a pattern replacement is performed.
But what if the sets being reduced are small ? Scanning the entire tree each time
would be an extremely expensive proposition.

The entire tree is not scanned. Not even all of the pertinent subtree is scanned.
Instead, just a piece of the pertinent tree is checked. The pruned pertinent subiree
of T with respect to S is the smallest connected subgraph (not necessarily a proper
PQ-tree!) which contains all of the pertinent leaves. ‘I'his is denoted by
PRUNEIXT, S). The root of the pruned pertinent subtree is ROOT(T, S}, ":m
root of the entire pertinent subtree. The pruned pertinent subtree for the pertinent
subtree shown in Fig. 6 is shown in Fig. 18. The same set S = {E, I, J, K} is used.
In this case, the pruned pertinent subtree fails to satisfy the definition of a proper
PQ-tree on at least two counts: it has a P-node with only one child and two O-nodes

with only two.

J K

Fig. 18. ‘The pruned pertinent subtree for the example in Fig. 6.

"T'wo passes are used in the actual implementation. The first identifies the nodes
to be processed and the second applies the templates. The combined algorithm is
called pruned reduction because it only looks at the pruned pertinent subtree. The
first pass is called bubbling up. Tt marks all of the nodes which are in PRUNED(T, S).
"I'his is necessary in order to properly sequence the template-matching which follows.
The two-pass strategy leads to an interesting dilemma.

Empty nodes are never actually looked at, so they must be recognized by their
is why the separate marking pass is used,

absence, 1ather than their presence. Tl
As the marking bubbles up the tree from the pertinent leaves

t i3 able to mark each

node which needs to be processed and at the same time it leaves a connt at cach node
telling exactly how many of the children will be processed Tt is these counts which
enable the second pass to determine when the last pertinent child of a node has been
matched, so that the parent is properly queucd. If this were not the case a parent
with some empty children might never be queued.

PO-TREE ALGORITHMS 353

“T'he dilernma stems from the fact that a bottom-up strategy is employed only to

t5 parent (how

to (i

avoid processing the entire tree but requires that each child point ot
the algorithm bubble up?), yet the maintenance of parent pointers may

else can
otk as traversing the entire tree! Parent pointers cause a

casily require as ynuch w
problem for one simple reason. 1f an internal node has a large number of empty
children and the node is deleted as part of the replacement, every one of the children
must receive a new parent pointer. 1t is possible that almost all of the nodes in the
ve a new parent even though the set S has only two clements.

The way out of the dilemma is to strike a balance between the desire to avoid
scanning the entire tree and the need to minimize poinfer upkeep. Parent pointers
need only be kept for children of P-nodes and for endmost children of Q-nodes.

en do not nced parent pointers. They can borrow them from their

tree may recei

Interior childr
endmost sibli

As the first pass bubbles up the tree it can be temporarily blocked at an inieiiot
node. If there is no parent pointer it is impossible to queue the parent. Each interior
node without a parent pointef is called blocked. A count is kept of the number of
times this happens. The actual count, kept as a global blockcount, does not record
all of the blocked nodes. [nstead it keeps track of each block of blocked nodes. A
block is a maximal left-to-right chain of blocked siblings. Thus two or more blocked
nodes which are consecutive children of the same (J-node are only counted once.
T'he difference between a blocked node and a block of blocked nodes is important,
and should be kept in mind when thinking about the bubbling up pass.

at the mm:.#owlﬁn morment.

lings at

. &r r =

terior node which increases the blockcount.

Fic. 19. Blacked

¢ the template-matching, there are a number of cascs.
of Q-nodes are easy to handle. The more
ire 19 depicts one situation

As occurred earlier fo
Children of P-nodes and endmost children
complicated cases involve interior children of ()-nodes. Figt
¢ is encountered during the bubbling up phase. The node being
processed 1s indicaied by © atching  Previously processed nodes are shaded
Parent pointers are only chown if they actually exist I'he sibling pointers are always
are shown in the diagrams. For the case shown here, there is no parent

when an interior nod

present and
pointer, so the blockcount is increased.

It can also happen that both siblings have already been processed and that they
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356 BOOTH AND LUERER

of one is legal. This is handled as a special case. The actual root is never needed
so a pseudonode can he assigned as a surrogate parent for the blocked children. ‘m,rm
pseudonode can be removed afterwards.

If the blockcount is greater than one at the end of the bubbling up pass there is
no hope that the tree can be reduced. The reduction algorithm can be halted im-
mediately. There is only one more complication which remains to be covered. The
procedure is supposed to halt after it as processed the pruned pertinent subtree.
1t should stop at the root of PRUNEIXT;, S). This is easier said than done. Instead
the bubbling up continues until the blockcount is zero and the queuc of nodes to
process has only one node, or else the blockcount is one and the queue is empty.
Either case is acceptable.

If the tree is actually irreducible the bubbling up may perform a lot of extra work.
But at most it will process the entire tree. The applications for reduction always
halt wi.n: the tree is irreducible, so this extra work does not really affect the total
running timme. The entire tree had to be built by the algorithm hence one additional
pass over all of the nodes can not hurt!

If the bubbling up pass processes the root of the tree it must keep track of this
fact. 'There are no higher nodes to process, but it must pretend that it is still adding
nodes to the queue to ensure that proper end conditions are detected. Conceptually
this can be remedied by imagining an infinite hicrarchy of virtual nodes which are
ancestors of the root of the tree. The actual implementation simply sets a flag to

15 encounteie

reducible.
. . . .

With a little care all of these details can be handled and the bubbling up procedure
shown below will mark all of the pertinent nodes. It can also leave a count at each
node c.m how many children are pertinent. This is used during the second pass to
determine when the last child has been matched.

Before presenting the procedure for the first pass, a complete list of the global
variables uscd by both passes is explained. The ficlds associated with cach node are
also helpful. The global variables are the following:

BLOCK
up pass.

JTCC.Z_:V\ZCUmm. The number of blocked nodes during the bubbling up
pass. This is only needed for the case when a pseudonode is used. The count at the

‘OUNT. ‘The number of blocks of blocked nodes during the bubbling

end of the first pass is exactly the number of pertinent children for the pscudonode.

OFF "THE TOP. A variable which is cither 0" (its initial value) or 1 (if the
root of the tree has becn processed during the first pass). It acts as a count of the

number of virtual nodes which are imagined to be in the QUEUE during the

bubbling up.

ORITHME

PO-rE Al

SUE Afi h is used during both passes for sequencing

QU RUE. A s
the order in which nodes are processed.

feld is used for every node so there

Each node has the following ficlds. Not cvery f
ement by reusing fields, but

is plenty of opportunity to reduce the storage requ
this possibility is ignored in the iterest of clarity.

CHILD COUNT. A count of the number of children currently possessed by
the node. ‘This is only used for P-nodes.

CIRCULAR _LINK. A set of links which form the chitdren of a P-node into
a doubly-linked circular list; the order of the list is arbitrary. The sole purpose of

the circular list is to enable a P-node to find its only empty child when all other
ial. ‘T'his field is not used for children of Q-nodes.

children are full ot parti
ENDMOST CHILDREN. A set containing the two endmost children of a
Q-node. This is only used for Q-nodes.
FULL_CHILDREN. A set containing all of the children of a node which
be full. This is implemented as a list (no special order is

are currently known to
s kept of the number of nodes on the list. Children are added

necessary) and a count i
to the list after they are matched to a template in the second pass.

INMEDIATE SIBLINGS. A set containing exactly 0, I, ot 2 other nodes.

A child of a P-node has no immediate siblings, the endmost children of Q-nodes
have only one immediate sibling, and the intertor children of Q-nodes have two
Llings. The field is interpreted as an unordered set. This convention
jthout having to modify the pointers for every

lirection beginning with

immediate st
allows sibling chains to be reversed w
node of the chain. Sibling chains can he traversed in either d
any sibling in the chain.

LABEL. An indication of whether the node is empty, full, or partial.

e is initially

MARK. A designation used during the first pass. Every
wnmarked. 1t is marked quened when it is placed onto QUEUL during the bubbling
up. Jt is marked either Blocked or unblocked when it is processed. Blocked nodes
can become unblocked if their siblings become unblocked.

PARENT. The immediate ancestor of the node. This field is always valid for
children of P-nodes and for endmost chitdren of QO nodes. Tt is only valid for interior
marked unblocked. The root of the PQ-tree

iminediate siblings and no parent.

is the 1

PARTIAL CHILDREN. A sct containing all of the children of a node which
are currently known to be partial. This is similar to the set of full children. In practice
it can have at most two clements, since otherwise the node will not match a legal

template.
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360 BOOTH AND LUEKER

Note that LLIST may be computed in tine directly propostion:
the usc of the IMMEDIATE_SIBLINGS fields. Starting at any unblocked node X,
we may traverse its chain of siblings in either dircction. Siblings are added to LIST
until one is encountered which is not blocked.

Note also that after BUBBLE all pertinent proper descendants of ROOT(T, S),
except those which are blocked, have valid parent pointers. Tf BLOCK_COUNT
jo 1 and BLOCKED_NODES is greater than 1 when the BUBBLE procedure
finishes, a tmn.:&::oam must be created. This process will be described only bricfly
here. During the BUBBLE procedure a fist BLOCKED LIST of all nodes which
are ever marked “blocked” may be maintained. After the procedutre finishes, all
nodes which are no longer blocked are removed from BLOCKED _LIST. A pseudo-
node Z of type (-node is created. Each node in BLOCKED LIST is given Z as its
parent. The ENDMOST_CHILDREN of Z are those nodes in BLOCKED_LIST
which have fewer than 2 blocked siblings. Note that the only template which could
match the true parent of the nodes in BLOCKED LIST is Q3.

‘The bubbling up procedure never nses a parent pointer until after it is known to be
valid. ‘This eliminates the need to maintain pointers {rom all of the interior children
but still enables BUBBLE to find all of the pertinent nodes with only a modest

amount of work. The exact bound is given by the next lernma

Lentna 2. The bubbling up phase of reduction requires O(| PRUNED(T, S)|) steps.

Proof. Note that the work performed during one iteration of the main loop is
on the order of one plus the number of nodes which bee

iteratinn. Now each node is added to the queue at most once and becomes unblocked

Wlocked during this

at most once. Thus the total work performed is bounded by the number of nodes
processed. The nodes processed are those in PRUNED(T, S), plus some extra
nodes which are ancestors of ROOT(T, S). There cannot be many of these extra
nodes. ‘The queueing strategy guarantees that if node X is processed before node X'
then the parent of X must be processed before the parent of X7, untess the parent
of X" was already quened because of some other child being processed. Fach ancestor
of ROOT(T, S) has only one pertinent child. This implies that the total nimber
of ancestors of ROOT(T, ) which are actually processed does not exceed the Jongest
Jeaf-to-root distance within PRUNED(T, S). Certainly this is no more than
I PRUNED(T, S 1

1.
3

Bling np supplies all of the information necessary to petform the template

matching. The second pass is essentially the procedure RED! 1CT which was explatned

in Section 2. The difference is that only the leaves which are in 5 are initially placed
on the queue for processing. With some additional tricks the second pass can also
is the

be performed at modest cost. I'he final version of the template-matching s
procedure given below. Note that Template PO and Cemplate QO are not used.

Since only pertinent noden
queuc. A Mew Templati Ll

replacement is the same

PQ-tree procedure REDUCE(T, £

begin

initialize QUEUE to emply,
for each leaf A & S do

plac X on QUENES

PERTINENT T.EAF L OUINT(X) |

Temove «

if | PERTINENT I EAE COUNTEN) -

“from the ront af QUEUE:

then

begin comment Xis

W ROOT(T, Sk
1 = PARENT(N )
PERTINENT LEAF Nl
PERTIMNERNI LEAF_COT
- PER TIMNENT_ LEAF U CUINTEXD,
PERTIMENT CHILD COUNT(Y)
PERTIMENT ! HILD o
FEPERTIMENT | HILD_COL
1_unm Y onto _,.F__..___..
if not TEMPLATE E1(N) then
if not TEMILATE PI{X) then
if not ‘TEMPLA - P3(X) then
if not ‘TENTI ATE P5(A) then
if not TEMPLATE Ol \)then
if not TEMI'LA Tk O2(X) then

) - 0 then

begin
T:= T )
exit frum do
end
end

else

begin col
if not TEMPLATE LI(A) then
if not TEMPLATE PUHA) then
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364 BOOTH AND LUEKER

begin
ZE := X; LABEL (ZE): - “empty”;
CHILD COUNT(ZE) :-- NUMBER
end; .
PARENT(ZE):-- Y
IMMEDIATE SIBI. INGS(EC) .- IMMEDIATE SIBLINGS(EC) U {ZE};
INIMEDIATE_SIBLINGS(ZE) : = {ECY);
ENDMOST _CHILDREN(Y):=
ENDMOST_CHILDREN(Y) — ANAMC ZE}

Pry

end;
if NUMBER EMPTY < 2 then destroy X
return true
end
Boolean procedure TEMPLATE_Q2(%),
begin

if TYPE(X) # Q-node then return false;
if X is a pseudonode then return false;
if | PARTTAL_CHILDREN(X)| > | then return false;
if | FULL CHILDREN(X) > (
then
begin
if | FULL_CHILDR CN(X) N ENDMOST_CHIILL DREN(CY) 5 1
then return m alge;
let ¥ be the unique etement in
FULL CHILDREN(X)n ENDMOST CHILDREN(Y)
for 7:-- 1 step | until | FULL CHILDREN(Y) d
begin
if e FULL CHILDREN(X) then return false;
¥z the next sibling in the chain of children of X
end;
if PARTIAL CHILDREN(X)¢ {V} then return false
end
else if PARTIAL CHILDREN(X){ ENDMOST CHILDRE N(X)
then return false;
_:,::.U_?Q t== “partial”
PARTIAL CHII, DRENPARENT(Y)) : -~
PA —4—4—\/7 CHITLDREN(PARENT(Y)) {X
if | PARTIAT, CHILDREN(Y) =+ 0 then

v
1K

begin
¥ :== the unigue element of PARTIAL CHILDREN(VY;
FC := the unique endmost full child of 17
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if ¥ has a full immediate sibling
then .
begin

let F'S be the unique full immediate sibling of Y

INMEDIATE SIBLINGS(FS) :-=
INMEDIATE_SIBLINGS(FS) (YIW{FC

IMMEDIATE SIBLINGS(FC) :
IMMEDIATE SIBLINGS{FCy U {FS}

end
else
begin
ENDMOST_CHITLDREN{Y) : =
ENDNMOST. h::;:ﬂmzﬁhv - VYUlFCh
PARENT(FC) - X
end;

EC :-= the unique endmost empty child of 17
if 1" has an ernpty immediate sibling
then
begin
let £5 be the unique empty immediate sibling of ¥
IMMEDIATE_SIBLINGS(LS)
IMMEDIATIE SIBLINGS(ZS

TRINATIINT AT QINT INFIQIE™Y - -
IMEDIATE_SIBLINGS(eL) 1 -

i
MMEDIATE SIBLINGS{ECY U {ES]

[Y}ULEC);

A3
¥
end
else
begin
ENDMOST CHILDREN(Y)
mZ:ZCJ_ A::;::A\ZA,‘» Y O {ECY;
PARENT(FEC) : -
end;

destrov 1
end;
return true
end

te-matching. The next lemma shows

This completes the description of the temp
that with the addition of a bubbling up phasc the template-matching can be accorn-

plished in much less time

INE

Linaia 3. The template-matching phase of reduction requires O PRUNED(T, S))
steps.
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t 1t 0 1 1 I 1 0o 00 1 0 0 0 0
o 00 1 0O 1 0 0 0 ! 1 1 0 1t
1t 1 1 1 0 o1 1 0 0 o 1 1 1t
o 1 0 11 o 0 0 1 1 oo 1 01
1 0 1 1t 0 o 01 t C 0 0o e i 0
Conseculive ones Circular ones Neither property
o 1 0 1 1 1 0 0o 0 1
LS T U B t 1 0 0 O D
1 1 1 1 0 0o 1 1 0 O 4

e
1 01 10 00 110
0 0 0 1 0 ¢ 0 0 1t 1

Fig. 25. Matrices with consecutive and circular ones.

The matrix on the top left in Fig. 25 has the consecutive ones property for columns.
The original version is not in consecutive form but the rows can be rearranged as
shown in the bottom left matrix so that the ones are consecutive. The definition
merely requires that seme ordering of the rows places the ones into consecutive
form, hence the matrix is deemed to have the consecutive ones property. ‘The top
center matrix has the circular ones property because the rows can be rearranged
as shown on the bottom center so that all of the columns have circular ones. There
is no rearrangement of the rows which will place it into consecutive form so it does not
have the consecutive ones property. 'I'he matrix on the top right has neither a circular
form not a consecutive form; therc is no arrangement of the rows which achieves
either circular or consecutive ones.

Matrices having consecutive ones and other related properties occur in many
fields, including archeology [16], information retrieval [10]), and table-driven parsing
[15]. Tucker [31] has given a structure theorem for the consecutive ones property.
The theorem is similar to Kuratowski’s [17] forbidden subgraph characterization of
planar graphs.

Fulkerson and Gross published an O(mn?) algorithm for testing an m X n matrix
for the consecutive ones property [8]. This bound can be improved by noticing
that the dominant term is due to the computation of a matrix product. Using the
techniques developed by Strasscn [28]), the Fulkerson-Gross algorithm can be im-
plemented to run in O(max{m{o82" 2%, 108 1y steps for anm - n (0, 1)-matrix
[3]. Using the reduction algorithm an even better bound can be obtained. The basic
algorithm is the following procedure.

Boolean procedure CONSECUTIVE(A);
begin
let U be the set of rows in A

PE-REr ALl M=

begin
let S be the set ol 1
T .= BUBBLL(T, 5
7 = REDUCTIT, &)
7T =T(o, ¢ then return false

wa haviog a onc in el

end;
return true
end
Treoren 6. If M ogsoanon o0 (0, 1)-matrix speeified by 1ts f nonzero enfrier @
v 6. I D

consecutive ones test can he performed an O(m 4 0 |- ) step

y uhove performs the desired test The number of
\dl the total size of the

Proof. The algorithim
elements in the universi! t
sets is clearly f. All of the vork except for the reduction ateps in clearly

asy to show that the reductions require tHm + m +F)

sel is m, the nimber of sets s m,
r. Using

&

the results of Theorem 2 :
steps. The entire algorithim i thus linear. 1

A similar result holds o the cirenlar ones property Tucker vbserved the following

interesting construction [ 10] Griven @ (0, 1)-mutrx M choose any row of the matrix

Let Me¢ be the matrix ohtain

tected tow

mplementing every colomn of A which

fram M by

has a one in the s¢

LEMMA 7 E‘:nrmo. 410, 1)-rmatrix M has the circular ones praperty for column

iff M¢ has the consecutrat (Mes property for cofumns,

L o r.::_—_-_ﬁua—q___wa_“n.__—_ the new malns

vatinn 15 that after

Proof. The key ob! .
Al¢ has zeros everywhere in the selected row, Without loss of penerality it
assumed that the permutation of the rows which places M into cireplar Farm does
so by placing the selected row at the op of the matrix. Such o prrmutation muet then
s E

i i ¥ i) - 15 rule an testing M°
place M into consecutive form, The r iz ruled out, @0 m_; 4
sufficient, Recomplementing the consecutive form ol [

lar cs

for consecutive ones
yields a circular form far 00 1

not guirantes o fast test unless a judicious selection
:____—n::,_._ﬂ_.._._: An all-ones row wauld

Tucker's construction |

is made for the row which o :
ment the entirg gt I'his 18 ¢

ermines the

ily avoided

result in having to comple

If M i an m <on (0, )-matrx having [ nonsere entries there extils
ot st 2f sonsero entrie such that M has the circular

Lenna 8.
anm > n (0, 1)-matris M T ¢
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372 NOOTH AND LUFKER

Tugorem 11. 4 graph G = (I, F) can be tested for being an interval graph in
O(n -+ e) steps when & has n vertices and e edges.

Proof. The output of the O(n 4 e) chordality test can be used as the input to
the consecutive ones test. The total number of nonzero entries is ()(n -1 e) so the
overall bound is still O(n -+ ¢). K

It is interesting to note that the consecutive ones test required during the interval
graph recognition algorithm can be simplified somewhat by processing the vertices
of the graph in a special order. This ordering is obtained by using a modified form
of the lexicographic breadth first search mentioned above. For details sce [21].

A by-product of the interval graph test is the reduced PQ-tree whose leaves are
the dominant cliques. 1t is possible to use this tree as the basis for a canonical repre-
sentation for interval graphs. Using an algorithm similar to the tree isomorphism
algorithm in [1], one may test for isomorphism of interval graphs in O(n 4 ¢) time.
This is discussed in greater detail in [21].

The importance of this last result is increased by the observation that the existence
of a polynomial-time algorithm for solving general graph isomorphism is equivalent
to the existence of a polynomial-time isomorphism test for either chordal ot tran-
sitively-orientable [11] graphs. (Al interval graphs are chordal and have transitively
orientable complements.) Hirschberg and Edelberg [12] proved this equivalence for
bipartite graphs. The bipartite result implies the result for transitively-orientable
graphs. The proof for chordal graphs is similar and is given in [21].

6. PLANARITY

PQ-trees can be applied to problems other than those which arise directly from
the consecutive ones property. The PQ-tree reduction algorithm can be used to build
an efficient test for planar graphs. Hopcroft and Tarjan have already presented a
linear test for planarity [14]. This section discusses a ‘‘new’” algorithm for testing
graph planarity which also runs in linear time. The algorithm is of interest for two
reasons. It is a distinctly different application for PQ-trees and it improves an cxisting
algorithm by introducing the appropriate data structure.

Lempel, Even, and Cederbaom [20] have published an algorithm for testing
planarity which is based on formula manipulation. The algorithm employs a reduction
operation almost identical to the one vsed here. Their version uses formulas to
represent a graph and does not have a lincar time hound. A linear version of the
algorithm has been implemented, but it does not perform the formula manipulation
[6]. The version here achieves the linear bound while implementing the original
formula manipulation. The trick is to represent formulas by P(Q-trees.

The possibility of using P'Q-trees for planarity testing was suggested by Tarjan

O Af

{25] after PQ-trees
that the reduction o

.
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had heen devised for the consecutive ones problem. He noticed
peration for PQ-trecs is very simifar to the formula manipulation
carried out by the Lempel, Even, and Cederbaum algorithm.

Before explaining the planarity algorithm, two facts about graphs are needed as

background. The first is well known from graph theory, the second is proven in [20].

Lennia 12, A graph G is planar iff each of its biconnected components is planar.

Lumma 13 S;,_‘:vm_‘m<n:xﬁaan1§c:&, If G = (V, E) is a biconnected graph
so that | and n are adjacent and, for any vertex numbered

then its vertices can be numbered .
k such that i < j < k and both i and k

| <<j<m therc exist vertices numbered i and
are adjacent to j.

Algorithms requiring O(n 1 e) steps for graphs having » vertices and e n&.mnw
exist for finding biconnected components (1] and for generating the desired ::573..:@
[7]. Tt is assumed that all graphs to be considered are biconnected and Zz:.ﬁrw vertices
The graph with its vertices numbered as indicated in

are numbered as in Lemma 3. . .
example of the planarity algorithm.

“ig. 26 will be used throughout this section as an

Fre. 26. A numbered, biconnected graph.

The algorithm tests a graph G - (1 E) having n vertices and e Q:N.cm. The
~. 2 since otherwise G s trivially planar. Edges in E are

algorithm assumes that n = : :
considered to be dirccted from the lower numbered vertex to the higher. Edges
A PQ-tree is used

can be directed at the samc time the numbering is generated.
The elements of the universal set are edges, although U
algorithim. An edge is added to U during the
rtex and it is rermoved from U

to represent the graph.

will change duting the course of the
its lower-numbered ve

iteration corresponding to
ading to 1ts ann_..:::.ro%& vertex.

during the iteration correspos

Boolean procedure PLANAR(I, £);

begin
[/ - the sct of edges whose lower-numbered vertex is 1
T T U

2 step L until - | do
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For the final iteration, j = 4, the reduction leaves almost no freedom to the edges
All but one of the edges are forced to have a rigid left-to-right order. This is shown
in Fig. 31.

(2.5) (2.4) (3.4) (3.5)

Fic. 31, PQ-tree after reduction when j - 4.

Substituting the single edge {4, 5) for the edges (2, 4) and (3, 4) produces the final
form of the PQ-tree, shown in Fig. 32.

ﬂii

(2.5) (4.8) (3.5)

F1a. 32, Final PQO-trce for planarity test.

The algorithm halts with the value true, surely the correct response in light of
the planar representation initially given in Fig. 26. The graph tested is 2 famihiar
one. Adding the other possible edge produces K; , onc of the two forbidden subgraphs
of Kuratowski’s structure theorem for planar graphs [17]. Ky is known to be non-
planar. Rerunning the algorithm with this addcd edge will indeed produce the
answer false.

Tueorem 14, Given a graph G having n vertices the planarity algorithm requires
at most O(n) steps.

Proof.  As mentioned earlicr, O(n } ¢) algorithms  exist to find biconnected
components and the numbering of Lemma 13, so we assume G is biconnected and
numbered. Outside of the calls to BUBBLI and REDUCE, the algorithm can easily
he secn to require only O(n 1 €) , o

To see that the calls to REDUCE
orem 5. The only significant difference here s

d BUBBLE use only O(n 4 ¢) time, we use

an argument just like that in 'l
the fact that parts of the tree are replaced by T(S, S7). It is easy to scee that this
a.mc_»m.m-:a:” can increase NORM(T) by at most | 8" [ But the sum of * §' | over all
iterations is O{n - ), so we again obtain an averall time bound of ,CA:. | ) for

the calls to BUBBLE and REDUCE.

P()-TREE ALGORITIIMS 377

r

o far we have seen that the algorithm requires Ofn | e) time. "T'o obtain a bound
of O(n), we use the trick employed in [14]: since a planar graph on n ve
at most 3n - 3 edges, we may immediately reject inputs with more than 3z — 3

edges. Tor the remaining graphs, O(¢ 4 ¢) is the same as o). |

ertices has

7. CONCLUSION

P()-tree has been introduced. PQ-trees are used for

A new data structure called a
hich various subsets of a universal

representing the classes of vn_‘:\::m:o:m within w
set appear as consecutive subsequences. These permutations are useful for solving
three problems: testing for the consccutive ones property, recognizing interval
graphs, and testing graph planarity. For these problems algorithms based on PQ-trees
are lincar in the size of their input when implemented on 2 random access computer.
The consecutive ones test is an improvement over previously published algorithms.
Interval graph recognition uses the consecutive ones test and a test for graph
chordatity. ‘The linear time bound is again an improvement Over previously published
algorithms. The planarity test is a speeded-up version of an existing algorithm, due
1, and Cederbaum. For planarity the linear time bound is not new.

to Lempel, Bver
"The algorithm of Hoperoft and Tarjan is also linear. It would be of interest to compare

actual implementations of these two planarity algorithms to estimate the constants of
?‘o_u::.,ozu_:% and to analyze the average behavior instead of the asymptotic worst-
case behavior. ‘This has not been done, and is wzmmom:ﬂ_ as a topic for further study.

Additional material and references may be found in both [3] and {21}. Many of the

references were originally cited in {22}
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